Introduction
Stated dogmatically, on Wittgenstein's unorthodox view of mathematics, only algorithmically decidable concatenations of 'signs' are mathematical propositions and only proved mathematical propositions have mathematical sense ('Sinn'). If, e.g., we do not know of an applicable and effective decision procedure for deciding Goldbach's Conjecture (hereafter 'GC') in any existent mathematical calculus, GC is not a mathematical proposition, and if we prove GC in, say, Peano Arithmetic (PA) tomorrow, GC is a new mathematical proposition with a new sense in a newly created calculus, PA 2 .
Stated equally dogmatically, on Wittgenstein's unorthodox view of mathematics, only 'axioms' and proved concatenations of 'signs' are mathematical propositions with mathematical sense (hereafter, "concatenation(s) of 'signs'" will be abbreviated as 'Csign(s)'). Not only is GC not a mathematical proposition before it is decided, "28 × 76 = 2228" is also not a mathematical proposition before it is decided by a decision procedure, and when it is 'refuted' it is still not a mathematical proposition.
These two incompatible articulations of Wittgenstein's position reflect, as we shall see, Wittgenstein's (apparently) incomplete ruminations on a number of inter-connected issues. Each account has drawbacks for Wittgenstein's core view, but, as we shall see, the only substantive difference is that, on the second articulation, both undecided algorithmically decidable Csigns and algorithmically refuted Csigns are not mathematical propositions.
It should go without saying that neither articulation of Wittgenstein's account is the received view of a mathematical proposition and its sense or meaning.
On the received view, a mathematical conjecture, such as GC, is a genuine mathematical proposition, with a fully determinate sense (meaning) and, possibly, a fully determinate truth-value, even if (a) GC is independent of all existent mathematical calculi and/or (b) we do not have in hand an applicable and effective decision procedure by which to decide it. GC's sense (or meaning) is, simply: Every even number greater than 2 is the sum of two primes. On the received view, GC says (or we use GC to assert) something about every even number. We understand GC insofar as we are able to understand this meaning -insofar as we are able to understand what it is, or what it would be like, for every even number greater than 2 to be the sum of two primes (i.e., GC's truth conditions). As a matter of fact, we do understand GC because we understand its truth conditions. 1 This paper aims to (1) show how Wittgenstein's radical position on a mathematical proposition and its sense results from his life-long view that mathematics is exclusively syntactical and invented by human beings, (2) propose a particular conception of "mathematical sense" -and an interpretation of Wittgenstein's remarks -that best resolves the internal tension between two of Wittgenstein's principal views on mathematics (which are detailed in Section 3), and (3) consider some objections to Wittgenstein's view and how he does or might respond to them.
Wittgenstein's reasoning about mathematical sense is best understood in connection with the rest of his radical constructivist philosophy of mathematics. According to this view, human beings invent mathematics bit-by-little-bit, which means, in part, that we don't discover pre-existing proofsthey exist only when we have constructed them. Furthermore, on Wittgenstein's account: (a) mathematical propositions do not speak about -and are not used by us to make assertions about -infinitely many objects in a real or possible world 2 ; (b) the set of natural numbers is not an infinite extension, but rather a recursive rule for enumerating the naturals; and (c) the socalled provable propositions of, say, PA do not exist already as a set of 'theorems' (i.e., it is not a fact, today, that GC is provable in PA, even if GC is proved in PA tomorrow). Though Wittgenstein argues for (a)-(c), we will only here see part of his argument for (a). 3 
Propositions, Sense, and Mathematics in the Tractatus
As is well known, one of the main aims, if not the main aim, of the Tractatus is to work out the language-reality connection by determining what is required for language, or language usage, to be about the world. Wittgenstein's two-pronged, core position in the Tractatus is that there is only one reality (i.e., "the world") 4 and propositions, which have sense ('Sinn') and which are used by us to make assertions about the world (e.g., to picture or represent a possible state of affairs or a possible fact), 5 are (or must be) either true or false because they must either agree with the world or disagree with the world (4.022, 4.25, 4.062, 2.222) .
Though Wittgenstein abandons some Tractarian positions, he always maintains that the only genuine propositions that we can use to make assertions about reality are 'empirical' (contingent) propositions, which are true if they agree with reality and false otherwise.
Wittgenstein's core Tractarian position immediately yields a conception of mathematics, mathematical propositions, and "mathematical truth." Since there is only one type of genuine proposition and only one type of genuine truth, it follows that all other apparent propositions are pseudopropositions of various types and that all other uses of 'true' and 'truth' deviate markedly from the truth-by-correspondence (or agreement) that contingent propositions have in relation to reality.
In the Tractatus, Wittgenstein clearly states (6.2) that "[t]he propositions of mathematics are equations, and therefore pseudo-propositions" -that " [a] proposition of mathematics does not express a thought" (6.21), has no sense, and therefore cannot be used by us to assert that a possible state of affairs or fact exists. 6 Moreover, "in order to tell whether a picture is true or false we must compare it with reality" (2.223), 7 from which it follows that "[i]t is impossible to tell from the picture alone whether it is true or false" (2.224), which means that " [t] here are no pictures that are true a priori" (2.225). Thus, if there is something we call "mathematical truth", it is not agreement with reality and it is not a kind of a priori truth (whatever that would be). As Wittgenstein says at (6.2321) , "the possibility of proving the propositions of mathematics means simply that their correctness can be perceived without its being necessary that what they express should itself be compared with the facts in order to determine its correctness."
Mathematical Propositions and Mathematical Sense after 1928
When he returns to Philosophy in 1929, Wittgenstein elaborates his Tractarian position by saying that "mathematical propositions so called are not propositions at all" (LWL 13) and that "there are no true a priori proposi-tions" (LWL 13). 8 Indeed, from the Tractatus until the end of his life, Wittgenstein maintains that "mathematical propositions" are not real propositions and that "mathematical truth" is essentially non-referential and purely syntactical in nature.
In presenting a positive account of mathematical sense, the intermediate Wittgenstein endeavours to:
1.
Distinguish mathematical questions from mathematical problems.
2.
Demarcate mathematical propositions from Csigns that are not mathematical propositions.
3.
Ascertain the relationship between mathematical sense and decidability.
4.
Connect mathematical sense to decision procedures.
5.
Ascertain the relationship between mathematical sense and mathematical proof.
6.
Ascertain whether undecided and refuted "mathematical propositions" have mathematical sense.
To these ends, the middle Wittgenstein ruminates in various, evidently incompatible ways and these ruminations provide material for at least the following four positions on mathematical sense.
Strong Verificationism:
The sense of a mathematical proposition is its proof (i.e., "the verification… is the sense of the proposition") (PR §166; WVC 227). 10 ; "the proof belongs to the sense of the proved proposition, i.e. determines that sense" (PG 375); (b) "in proving it we give it a new sense that it didn't have before" (PG 374) 11 ; (c) "a mathematical proof incorporates the mathematical proposition into a new calculus" (PG 371)).
Weak Verificationism 2 : A Csign constitutes a mathematical propositionwhich has mathematical sense -if and only if it is algorithmically decidable in an existent mathematical calculus and we know this to be the case (PR § §149, 151; PG 366, 452) . The sense of a mathematical proposition is determined by or corresponds to a decision procedure (i.e., " [t] he method of checking corresponds to the sense of the mathematical proposition" (PG 366; (458) (459) ; "it isn't as if it were only certain that a mathematical proposition made sense ["has a sense"] 12 when it (or its opposite) had been proved", for " [t] his would mean that its opposite would never have a sense (Weyl)" (PR §148)).
Structuralism:
The sense of a mathematical proposition is its syntactical location within a calculus and its syntactical connections within that calculus (i.e., "a mathematical proposition is only the immediately visible surface of a whole body of proof and this surface is the boundary facing us" (PR §162); "the properties of a number are the properties of a position" (PG 457)). 13 In attempting to distinguish mathematical questions from mathematical problems (#1) and demarcate mathematical propositions from Csigns that are not mathematical propositions (#2), Wittgenstein argues (##3, 4, 6) that algorithmically decidable Csigns are mathematical propositions with sense and that refuted propositions have sense, 14 since "[i]t obviously makes sense to say 'I know how you check ["36 x 47 = 128"]', even before you've done so" (PR §153). The merit of this position -Wittgenstein's Weak Verificationism 2 -is that it clearly defines a mathematical proposition as a Csign that is algorithmically decidable in an existent calculus. The problem, however, is that it does not say what the sense of a mathematical proposition is. In particular, Weak Verificationism 2 says that an undecided mathematical proposition, which is algorithmically decidable, has sense (i.e., since it is a meaningful or genuine mathematical proposition), whereas Weak Verificationism 1 precludes undecided (or perhaps unproved) mathematical propositions from having sense. According to WV 1 S, the sense that a particular proposition ϕ of Γ has in Γ is its exact syntactical location in that syntactic structure, which, in part, consists of the syntactical connections ϕ has with other propositions of Γ, as mediated by the syntactical rules of Γ.
The Tension in Wittgenstein's Account and Three Incompatible Resolutions

Weak Verificationist 2 Structuralism (WV 2 S)
(A 2 ): Mathematical Proposition: A Csign is a mathematical proposition of calculus Γ iff it is algorithmically decidable in calculus Γ and we know this to be the case. 
A Preference for WV 1 S
Given his ##1-6 aims, the best and simplest way for Wittgenstein to resolve the aforementioned tension, I believe, is to adopt WV 1 S. WV 1 S is preferable to WV 1 S 2 in that WV 1 S captures Wittgenstein's use of the Law of the Excluded Middle and algorithmic decidability (see, e.g., PR §151, cf. PR § §173-174; PG 400) as conjoined criteria that define a mathematical proposition relative to a calculus. In the middle period and, it seems, also in the later period, Wittgenstein repeatedly states that a Csign is a mathematical proposition in a particular calculus iff the Law of the Excluded Middle applies to it, which means nothing more than we know how to decide it by means of a decision procedure. The problem with WV 1 S 2 is that, according to it, a Csign for which we have in hand an applicable and effective decision procedure is not a mathematical proposition before it is decided and, if it is refuted, it is still not a mathematical proposition. This conflicts with Wittgenstein's insistence that if we know how to decide a Csign because we recognize that our decision procedure applies to the Csign's syntactical structure, then that Csign is a mathematical proposition (i.e., by virtue of its syntactical structure).
As regards WV 2 S, WV 1 S is preferable to it for two reasons. First, WV 1 S better accommodates Wittgenstein's Structuralism, for if the mathematical sense of a mathematical proposition is a syntactical position in a structure (i.e., a syntactical calculus), a Csign that does not have a position in a mathematical structure (i.e., a calculus), such as a refuted 'proposition,' cannot have mathematical sense. Second, WV 1 S better accommodates Wittgenstein's Weak Verificationism 1 claims that a proof -not a proof and a refutation -"belongs to the sense of the proved proposition" (PG 375), "give[s] it a new sense that it didn't have before" (PG 374), and "incorporates the mathematical proposition into a new calculus" (PG 371). These three claims about a proof and the sense of the proved proposition go handin-hand with Wittgenstein's Structuralist claim that the sense of a mathematical proposition is its syntactical location within a calculus, for a proved proposition is incorporated into a new calculus (and the syntactical connections among its propositions), but a refuted 'proposition' is not part of the proof-syntactical structure of a mathematical calculus. Indeed, so-called 'ill-formed' Csigns (e.g., "2 + = 2 = 4") and syntactically independent Csigns are just as much not part of the proof-syntactical structure of a mathematical calculus as a refuted mathematical proposition (e.g., "2 + 2 = 5"). As Wittgenstein says (MS 163, 46v-47r, 1941 ):
But I always want to say: true and false in mathematics corresponds, in the application to propositions of experience, not to the opposition true-false, but to the distinction between sense and nonsense.
Only a syntactically well-constructed contingent proposition has contingent sense; a nonsensical pseudo-proposition, such as "Socrates is identical" (Tractatus, 5.473, 5.4733), does not have sense because it is syntactically ill-constructed. A 'true' (e.g., proved) mathematical proposition corresponds to a contingent proposition with sense insofar as both are syntactically well-constructed: the mathematical proposition, because of its syntactical form, has a position in a syntactical calculus; the contingent proposition, because of its syntactical form, has sense and can be used to assert that a possible state of affairs or fact obtains. A 'false' (i.e., refuted) "mathematical proposition" corresponds to a nonsensical, contingent pseudo-proposition inasmuch as both are syntactically ill-constructed: the refuted mathematical proposition, because of its syntactical form, does not have a position in any existent syntactical calculus; the nonsensical pseudoproposition, because of its syntactical form, does not have sense and cannot be used to make an assertion. Thus, just as contingent sense depends on "syntactical correctness", mathematical sense similarly depends upon "syntactical correctness": If a mathematical proposition has sense it is part of a mathematical calculus (i.e., as an 'axiom' or a proved proposition) because of its syntactical form -if a mathematical proposition does not have sense, it is not part of a mathematical calculus because of its syntactical form. In the mathematical case, bad or incorrect syntax means that a Csignwhether a refuted mathematical proposition, an ill-formed Csign (e.g., "2 + = 2 = 4"), or a syntactically independent Csign -is not a mathematical proposition with mathematical sense and a syntactical location in a mathematical calculus. What we call 'truth' and 'falsity' in mathematics is just as much a matter of syntax as sense and nonsense in the realm of contingent propositions. If we recognize this, it should not be disconcerting that even refuted mathematical propositions, such as 37 + 63 = 101", do not have mathematical sense, since they simply are not components, with syntactical connections to other propositions, of syntactical mathematical structures. Seen in this light, WV 2 S's claim (C 2 ) that the sense of a refuted mathematical proposition is its syntactical conflict with a proved proposition in a mathematical calculus has no substance, and flies in the face of Wittgenstein's structuralism, since such a proposition has no syntactical connections with propositions in the calculus.
Although WV 1 S has the non-standard consequence that undecided and refuted mathematical propositions do not have mathematical sense, it has the decided merit of agreeing with Wittgenstein's (intermediate) view that "one cannot discover any connection between parts of mathematics or logic that was already there without one knowing" (PG 481), which Wittgenstein clearly maintains in the later period, saying, e.g., that "the proof… makes new connexions", "[i]t does not establish that they are there", for "they do not exist until it makes them" (RFM III, §31). In proving a proposition in a mathematical calculus, one makes or constructs new syntactical connections; given that the sense of a mathematical proposition consists in these very connections, a mathematical proposition cannot have sense until we have constructed these connections.
A proof is a proof of a particular proposition if it goes by a rule correlating the proposition to the proof. That is, the proposition must belong to a system of propositions, and the proof to a system of proofs. And every proposition in mathematics must belong to a calculus of mathematics. (PG 376; italics mine) This, then, is Wittgenstein's account of mathematical sense. It is, I believe, the most coherent interpretation of Wittgenstein's numerous and lengthy remarks on mathematical invention, construction, proof, decidability and, most importantly, sense. The question, of course, is whether this radical conception is plausible and defensible.
Superficially, at least, the answer seems to be a quick 'No,' for WV 1 S seems to have the revisionist consequence that Csigns that we ordinarily take to be (meaningful) mathematical propositions, such as GC, are not mathematical propositions, given that they are not algorithmically decidable. This seems especially problematic and revisionistic, for if GC is not a mathematical proposition, what good (mathematical) reason could we have to even attempt to decide GC relative to any mathematical calculus?
The apparent revisionism, however, is more a matter of how we talk than a matter of Wittgenstein prohibiting certain mathematical activities. To see this, suppose, e.g., that a mathematician tackles GC because s/he wants to determine whether or not it can be proved using only the axioms and rules of PA. Does Wittgenstein's conception prohibit such an attempt? Wittgenstein explicitly says that it does not. 17 The fact that, according to WV 1 S, GC is not a mathematical proposition of PA does not, in itself, prohibit us from using PA to decide GC. If a mathematician succeeds in proving GC using only the axioms and rules of PA, the received view says that s/he has proved GC in PA, whereas Wittgenstein claims that s/he has created a new, extended calculus, PA 2 , in which GC (or, more accurately, a proved inductive base and a proved inductive step) is a proved proposition (propositions) with sense. On both views, a mathematician successfully proves a Csign using only the axioms and rules of PAthe only difference, and it is important, is that on Wittgenstein's view, the Csign (GC) was not a proposition of PA before or after the proof.
I do not claim that it is wrong or illegitimate if anyone concerns
More generally, on Wittgenstein's account (WV 1 S), the mathematician can decide algorithmically decidable mathematical propositions and s/he can still endeavour to decide Csigns that are not algorithmically decidable. In the latter case, s/he may or may not be successful, and if s/he is success-ful, s/he may extend a mathematical calculus by adding a newly proved Csign to a calculus, thereby creating a new mathematical calculus. In the former case, s/he will determine whether a mathematical proposition is part of an extended calculus and, typically, even if s/he refutes a mathematical proposition, s/he will add a newly proved mathematical proposition to a newly created (i.e., extended) mathematical calculus. In both cases, the mathematician can decide Csigns and, in some cases, extend an existent calculus (i.e., create a new, extended calculus) in exactly the ways that mathematicians in fact decide 'propositions' and extend calculi. What seems like revisionism is, therefore, really only a difference in terminology, 18 for a mathematician has no less reason to try to prove GC using only the axioms and rules of PA.
The real, substantive difference between WV 1 S and the received view of mathematics is that, according to WV 1 S, we do not pretend that any and all 'well-formed' Csigns (i.e., so-called 'wffs') are mathematical propositions with determinate senses and truth-values and we don't pretend that we can stipulate well-formedness for the 'propositions' of undecidable mathematical calculi. For example, GC is a well-formed formula of PA, but, even on the standard account, we simply do not know whether or not it will be proved independent of PA. If GC is one day proved independent of PA, this will only clarify the delusion that we are able to stipulate rules for wellformedness for mathematical calculi that lack an applicable and effective decision procedure. Gödel's First Incompleteness Theorem should already have taught us this -for Gödel has constructed a procedure by which we can generate wffs of PA which are syntactically independent of PA if PA is consistent -but, instead, the significance of Gödel's First Incompleteness Theorem supposedly lies in a demonstration that mathematical truth and proof are distinct.
What seduces us into thinking that GC is a mathematical proposition with a fully determinate sense is a "faulty analogy" between mathematical and contingent propositions. According to this seductive analogy, just as contingent/empirical propositions are about existent objects or phenomena, all mathematical propositions are about existent (or possible) mathematical objects, and so, just as the former have determinate sense because they assert that some or all objects of kind A have property B, mathematical propositions similarly assert that some or all mathematical objects of kind A have property B. On this, the received view, a mathematical proposition such as GC, which says that all objects of kind A (i.e., all even numbers greater than 2) have property B (i.e., are the sums of two primes), has a determinate sense simply because it ascribes a property to existent (or possible) objects. Even though GC is undecided and we do not know how to decide it, GC has a completely determinate sense which we completely understand, because "it says" that every even number greater than 2 is the sum of two primes and we know what the words 'every,' 'even' and 'prime' mean in mathematics. 19 We believe that we can envisage infinitely many even numbers each of which is the sum of two primes; that, we say, is GC's sense (or meaning), whether or not it turns out to be true or false (indeed, whether or not we ever decide it).
According to Wittgenstein, however, this picture of mathematical sense is entirely mistaken because it rests on a misleading analogy between (genuine) propositions and so-called mathematical propositions , which engenders the "false picture" (PG 290) that mathematical propositions have a 'sense' and/or are 'about' something. Just as he says in the Tractatus that " [o] ne can understand [a proposition]… without knowing whether it is true" (4.024), Wittgenstein says at (PG 370-71) that "the discovery that a particular [truth determination] hypothesis [i.e., "the quantity of haemoglobin in the blood… diminishes according to such and such a law in proportion to the time after death"] is true (or: agrees with the facts)" 'does not change anything in the grammar of the proposition "the man died two hours ago".' One can understand "the man died two hours ago" completely without knowing whether it is true because, given our linguistic conventions, this sentence has a fully determinate sense which we can understand, picture, etc. Moreover, we can describe the aforementioned "possible method" of "ascertaining the time of death", we can "ascertain[] experimentally… whether the description corresponds to the facts", and, if it does, we can thereby 'medically' prove that the man died two hours ago, without "incorporat[ing] the hypothesis… proved into any new calculus" and so without "giv[ing] it any new sense" (PG 371). However, unlike the description of the hypothesized time-of-death-determination method, "the mathematical proof couldn't be described before it is discovered", which shows that we are mistaken to "take the discovery of a proof in mathematics, sight unseen, as being the same or similar" to such a "medical proof" (PG 371). In the case of an undecided mathematical proposition, such as GC, the 'proposition' does not have a sense because we cannot picture or describe what is the case if it is true (i.e., we cannot picture or describe GC's truthconditions) and we cannot picture or describe what would be the case if it were proved (i.e., we cannot picture or describe GC's proof-conditions in the absence of a proof). We erroneously think we fully understand GC because we erroneously think that this type of 'proposition' is on a par with a proposition about reality. According to Wittgenstein, we can escape the trap of this misleading analogy only if we recognize that understanding a mathematical proposition is not possible independent of a calculus and a proof, for mathematical understanding is inextricably linked to a proposition's having mathematical sense, which requires that it is already proved.
Mathematical Sense and Mathematical Understanding
From 1929 through 1944, Wittgenstein makes this point -that mathematical proof, sense, and understanding are inextricably connected -in myriad different (and interesting) ways. Contra the naïve view of GC whereby we can fully understand its sense in its English (i.e., natural language) expression, Wittgenstein says (PR §162) that "[a] mathematical propositionunlike a genuine proposition -is essentially the last link in a demonstration that renders it visibly right or wrong." 20 We cannot understand GC until it has a sense, and it does not have a sense until we have given it a sense by proving it in a calculus. Since nothing exists in mathematics unless and until it is constructed, a proof does not discover a pre-existing mathematical fact, which means that "when I learn the proof ["that there are infinitely many primes"], I learn something completely new, and not just the way leading to a goal with which I'm already familiar" (PR §155). 21 Only when we have constructed a proof does the proof of a proposition exist, and only then does the proposition have a mathematical sense because only then does it have a connected syntactical place in a syntactical structure.
Only within ["an extended technique of calculating with cardinal numbers"] does this proposition ["there are infinitely prime numbers"] have sense [italics mine]. A proof of the proposition locates it in the whole system of calculations. … The proof of a proposition certainly does not mention, certainly does not describe, the whole system of calculation that stands behind the proposition and gives it its sense" (italics mine). (RFM VI, §11) 22 In what remains of this paper, I will briefly present one of the many ways in which the middle and later Wittgenstein connects understanding a mathematical proposition and the sense of a mathematical proposition and I will consider how Wittgenstein does and would respond to standard objections to his conception of mathematical sense.
In 1929, when Wittgenstein writes (PR §155; MS 108, 13) that "when I learn the proof ["that there are infinitely many primes"], I learn something completely new", he also writes (MS 105, 57-59) that "the real mathematical proposition is a proof of a so-called mathematical proposition" and that " [t] he real mathematical proposition is the proof: that is to say, the thing which shows how matters stand" (PR, p. 184, Ft. #1). Similarly, 12 years later, at (RFM VII, § §10, 11), Wittgenstein asks: "[O]ught I to say… that when a proof is found the sense alters?" Wittgenstein immediately rejoins, on behalf of the received view, that such a view is absurd, for it follows that '"the proof of a proposition cannot ever be found, for, if it has been found, it is no longer the proof of this proposition".' 23 "But", replies Wittgenstein, "to say this is so far to say nothing at all", for what exactly is this proposition? One only finds his viewpoint strange, Wittgenstein thinks, because one assumes that one has everything one can possibly have in terms of a proposition when one has the undecided proposition, but what we actually see is that a proof extends a calculus and makes new connections that did not previously exist (and with which we can only now work). " [T] he proof belongs to the sense of the proved proposition, i.e. determines that sense", Wittgenstein argues (PG 375), "[i]t isn't something that brings it about that we believe a particular proposition, but something that shows us what we believe -if we can talk of believing here at all."
Wittgenstein repeatedly contrasts mathematical sense and mathematical understanding with our ability to understand a contingent proposition at first sight and without knowing its truth-value. In the Tractatus, Wittgenstein asserts that " [a] proposition is a picture of reality", "for if I understand a proposition, I know the situation that it represents" -"[t]o understand a proposition means to know what is the case if it is true" (4.024). One can understand a proposition that one has never seen or heard by knowing its object names and their respective Bedeutung and knowing the conventional linguistic rules for 'composing' propositions out of names. Ultimately, though, one understands by representing in one's mind -by, e.g., 'thinking' (Tractatus 3.11) -a possible state of affairs or fact. Wittgenstein contrasts this conception of understanding a contingent proposition with understand-ing a so-called "mathematical proposition", which, he argues, we cannot understand or picture in advance of its proof (or decision).
In 1944, the later Wittgenstein continues this investigation.
Would one say that someone understood the proposition '563 + 437 = 1000' if he did not know how it can be proved? Can one deny that it is a sign of understanding a proposition, if a man knows how it could be proved?
The problem of finding a mathematical decision of a theorem might with some justice be called the problem of giving mathematical sense to a formula. (RFM V, §42; italics mine)
Just before this passage in MS 127, Wittgenstein writes (MS 127, 161; March 4, 1944) : "If the Fermat proposition were proved to me, I would then understand it better afterwards than before." A little later, Wittgenstein rhetorically asks (MS 127, (171) (172) : "Don't I understand the Fundamental Theorem of Algebra better if I can prove it than if I cannot prove it? How can it be that the proof does not contribute to my understanding, since it surely shows for the first time where this proposition is at home?" At (RFM VI, §13), Wittgenstein again attacks his position with the received view of understanding the sense of an undecided mathematical proposition. His interlocutor asks: "Now isn't it absurd to say that one doesn't understand the sense of Fermat's last theorem?" -"Don't [the mathematicians] understand it just as completely as one can possibly understand it?" "But", Wittgenstein rejoins, "if I am to know what a proposition like Fermat's last theorem says, must I not know what the criterion is, for the proposition to be true?" "I am of course acquainted with criteria for the truth of similar propositions", he adds, "but not with any criterion of truth of this proposition." Wittgenstein's point is that, although we are familiar with criteria of truth/proof for similar propositions, unless and until Fermat's Last Theorem is proved, we do not know (and we cannot describe) its unique truth/proof-conditions (i.e., what proof proves it 'true'). When Fermat's Last Theorem is proved, something new is created -syntactical connections are established with other parts of the calculus -and only then do we fully understand the sense of Fermat's Last Theorem, because only then does Fermat's Last Theorem have a determinate sense. Indeed, only when a proposition is proved is it a 'machine-part' with 'connexions' to other proved machine-parts (i.e., propositions) of the machine (calculus) (RFM VI, §13).
The categorical difference between truth-conditions for contingent propositions and so-called truth (or proof) conditions for mathematical propositions is fundamental here. We cannot picture or imagine (or believe) the mathematical sense of a mathematical conjecture such as GC unless and until it is proved because it is not a genuine, referential proposition -we cannot picture GC's sense (or meaning) because GC, like all mathematical propositions, is not about a realm of entities and, therefore, its truth-conditions are, more precisely, proof-conditions. The sense of a contingent proposition can be understood without knowing its truth-value, simply because one can know precisely what would make it true (i.e., its truth-conditions) without knowing if it is true; the sense of a mathematical proposition cannot be understood without knowing its "truth-value", simply because one cannot know precisely what would make it true (proved) without knowing whether and how it is true (proved).
Wittgenstein makes the same point in terms of the use of a mathematical proposition. In connection with the "issue whether an existence-proof which is not a construction is a real proof of existence" (RFM V, §46), 'the question arises: Do I understand the proposition "There is…" when I have no possibility of finding where it exists? ' 
Infinitistic Mathematical Conjectures
Though Wittgenstein wishes to destroy the misleading analogy between (genuine) propositions and so-called mathematical propositions , he does grant that the analogy is strongest when the mathematical proposition in question is finitistically restricted, as, e.g., if we assert GC 1,000,000 (i.e., "All even numbers greater than 2 and less than or equal to 1,000,000 are the sums of two primes"), for in this case we know how to algorithmically decide GC 1,000,000 . Even in the finite case, however, the analogy nevertheless breaks down, Wittgenstein argues, because in deciding GC 1,000,000 we may give it a sense that it didn't have before it was decided (i.e., if we prove it). Where, however, the analogy is truly dangerous and misleading is in the infinite case, where we might contrast, "There are infinitely many chairs" with "There are infinitely many prime numbers." As Wittgenstein says:
If you tried to say 'There are infinitely many chairs' in the way in which you can say 'There are infinitely many prime numbers,' then your statement would not be false; it would be senseless. For there is no way of verifying this statement. We simply cannot establish the truth of "There are infinitely many chairs", though we can empirically establish the truth of "There are n chairs" for an arbitrarily large n. Much to the contrary, we can establish the 'truth' of "There are infinitely many prime numbers" (by mathematical induction, in Wittgenstein's restricted, constructive sense 24 ), but as with physical objects such as chairs, we cannot do this empirically. Thus, on Wittgenstein's view, if we abandon the explanatorily useless idea of a world (or domain) of, e.g., infinitely many natural numbers, we are forced to grant that the so-called truth of, say, GC resides in a proof, not in infinitely many even numbers having a particular property. The sense or meaning of GC, therefore, is not comparable to an empirical proposition that ascribes a property to one or more existent objects -it only has sense if and when it is proved (constructed) by a constructed proof.
Conclusion
Put still differently, Wittgenstein's main criticism of the received view on mathematical sense is that when the sense of an infinitistic mathematical conjecture, such as GC, is understood, we do not come to know the individual senses of infinitely many conjuncts, such as "8 is the sum of 5 and 3" and "10 is the sum of 7 and 3" and "12 is the sum of 7 and 5", etc., as we can when we decide GC 1,000,000 . If we come to know that GC is 'true,' we won't come to know, for each even number (of infinitely many), which two primes sum to it -we will come to know, as with Euclid's Prime Number Theorem, why every even number greater than 2 must be the sum of two primes, for we will see, by way of a proof, the syntactical connections that ensure this so-called 'necessity,' because they constitute a particular structure. 25 Only with a proof can we understand why and in what exact sense a proposition is 'true' because we see, syntactically, why the syntactical sense of the proposition is so -i.e., we see in a proof of GC why or how each constructible even number greater than two is or must be the sum of two primes -we see how we can construct, without limit or exception, even numbers that are the sums of two primes.
In sum, the sense of a mathematical proposition does not exist until it is knowingly constructed by a proof, which is why the unnecessary concept of "mathematical truth" is, unlike its contingent counterpart, not distinct from meaning, understanding, and construction. We simply cannot understand a mathematical proposition, which does not have a determinate sense/meaning, unless and until it is proved. This deviant conclusion is not so bizarre if we, following Wittgenstein, reject mathematical possibility as actuality or a type of reality. 
